Abstract. We consider the space M 2,1 -the open moduli space of complex curves of genus 2 with one marked point. Using language of chord diagrams we describe the cell structure of M 2,1 and cell adjacency. This allows us to construct matrices of boundary operators and compute Betty numbers of M 2,1 over Q.
Introduction
A graph G is correctly embedded into a compact topological oriented surface S, if its complement is homeomorphic to a 2-dimensional disk. If a graph G is correctly imbedded into S and lengths of its edges are given, then the JenkinsSchtrebel construction allows one to uniquely define a complex structure on S (see [2] ). In what follows we will assume that the sum of lengths of edges is 1.
Let M 2,1 be the open moduli space of genus 2 complex curves with one marked point. A topological cell complex M comb 2,1 , which is homeomorphic to the space M 2,1 , has the following combinatorial description (see [1] , Chapter 4, for example). Let us consider the set of all pairwise nonisomorphic graphs, correctly embedded into S 2 -topological compact genus 2 surface. Isomorphism here is the isomorphism of embedded graphs, i.e. isomorphism must preserve the cyclical order of edges under the counterclockwise going around of each vertex.
To a graph Γ with s edges, correctly imbedded into S 2 , we correspond the simplex ∆ Γ , which is isometric to standard simplex {x 1 , . . . , x s ∈ R s | x 1 + · · · + x s = 1, x 1 , . . . , x s > 0}.
Here numbers x 1 , . . . , x s are lengths of edges of Γ. Cells of the highest dimension 8 correspond to correctly imbedded 3-valent graphs (a graph is called 3-valent, if each its vertex has degree 3). A 3-valent graph correctly imbedded in to S 2 has 6 vertices and 9 edges. If a correctly imbedded graph Γ ′ is obtained by a contraction of some edge of Γ, then to Γ ′ some face of ∆ Γ is corresponded. A correctly imbedded graph Γ may have a nontrivial group of automorphisms. We can define an action of this group on the simplex ∆ Γ also. The cell of the space M comb 2,1 is either the simplex ∆ Γ , if the corresponding graph doesn't have any nontrivial automorphisms, or the factor of ∆ Γ by the action of the group.
Thus defined space M comb 2,1 is noncompact. In this work we will find its homologies over Q.
Graphs, glueings and diagrams
The topological surface S 2 with correctly imbedded 3-valent graph can be realized as a glueing of 18-gon. Here the embedding correctness is automatically fulfilled and the 3-valency and the genus 2 condition give 9 pairwise nonisomorphic glueings (two glueings of 2n-gon are isomorphic, if some rotation of 2n-gon transforms one onto another). The group of automorphisms of a graph is a cyclic group of automorphisms of the corresponding diagram of glueing. Combinatorics of cells of the highest dimension is described in [3] .
A contraction of an edge of graph corresponds to a contraction of the pair of identified sides of corresponding glueing. Thus cells of dimension 7 correspond to glueings of 16-gons and cells of dimension 6 -to glueings of 14-gons.
We will use schemas of chord diagrams for enumeration of glueings. All glueings we will work with are enumerated in Appendices 1 -6. A glueing will be denoted γ(k) l , where k is the number of edges of corresponding graph and l is the number of this glueing in the list of glueings of 2k-gons. For each glueing we give its chord diagram, Gaussian word and group of automorphisms (if it is nontrivial). Gaussian word defines the numeration of chords, which will be called standard.
All chord schemas, enumerated in Appendices, define a genus 2 curves with correctly embedded graphs. Each diagram γ(k) i , k = 8, 7, 6, 5, 4 is obtained from some scheme γ(k + 1) j by deletion of a chord.
A scheme γ(k) i defines a (k − 1)-dimensional cell in the space M comb 2,1 . Cells that correspond to genus 2 schemas, obtained from γ(k) i by deletion of a chord, constitute the (k − 2)-dimensional boundary of our cell.
A glueing of 2n-gon (a chord diagram of glueing) will be called symmetric if it has a nontrivial group of automorphisms. This group is a cyclic group of rotations of 2n-gon. As sides of 2n-gon (chords of diagram) are numerated, then generator of group of automorphisms defines a permutation from S n . We will call a glueing (scheme) even-symmetric, if this permutation is even, and odd-symmetric in the opposite case. This result is in agreement with Harer-Zagier formula [4] .
Homologies
At first we'll explain the notion of induced numeration. If a cell δ corresponds to a scheme γ, then by δ[i] we will denote the cell that corresponds to scheme γ[i]. (4) Let the cell δ(k) i be special even: a cyclic group Z r acts on the scheme γ(k + 1) i (and on the simplex ∆(k) i ). The j-th chord either belongs to an orbit of cardinality r, or itself is an orbit. In the first case the deletion of this chord gives us a nonsymmetric scheme and the coefficient α j is defined according to the rule (1) above. In the second case a cyclic group Z q , where r divides q, acts on the scheme γ(k + 1) i [j] (and on the corresponding simplex). If this scheme is even symmetric, then α j := (−1) n+p−1 q/r (where parity is computed in above defined way). If this scheme is odd symmetric, then α j := 0. (5) Let the cell δ(k) i be special odd and a cyclic group Z r acts on the scheme γ(k + 1) i (and on the simplex ∆(k) i ). If the j-th chord belongs to an orbit of cardinality > 1, then set α j := 0. If this chord itself is an orbit, then the scheme γ(k + 1) i [j] is odd symmetric and a cyclic group Z q , where r divides q, acts on it. Now set α j := (−1) j+p−1 q/r (where parity is computed in above defined way). Matrices of boundary maps are presented in Appendices.
Proof. Let γ be a (k + 1)-scheme. Let us consider chords with numbers i and j. We need to prove that the scheme γ Thus, Betty numbers are: 
γ (9) 
γ (8) 00100 00000 00000 00000 00000 0000 00 110 10000 00000 00000 00000 0000 000 10 110 11 11000 00000 00000 0000 00000 0000 1 1 1101 11000 00000 0000 00000 00000 00000 1 1000 00000 0000 00000 00010 00000 00000 1 1 1 10 0000 00000 00000 00 10 1 00000 01100 11 10 00000 0 1000 00000 00000 00010 1 101 00000 00000 00000 00000 10000 001 1
Remark. To save the space by 1 we denote the number −1. In what follows we will use the same notation for negative matrix elements.
11. Appendix 8. Transposed matrix of the map ∂ 7 :
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